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Abstract. In this paper, we study the maximal dimension a(L) of abelian subalgebras 
and the maximal dimension j3(L) of abelian ideals of m-dimensional 3-Lie algebras L over 
an algebraically closed field. We show that these dimensions do not coincide if the field is 
of characteristic zero, even for nilpotent 3-Lie algebras. We then prove that 3-Lie algebras 
with /3(L) — m — 2 are 2-step solvable (see definition in Section 2). Furthermore, we give a 
precise description of these 3-Lie algebras with one or two dimensional derived algebras. In 
addition, we provide a classification of 3-Lie algebras with a(L) = dimL — 2. We also obtain 
the classification of 3-Lie algebras with a(L) — dimL — 1 and with their derived algebras of 
one dimension. 
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n r 1. Introduction 

The notion of n-Lie algebra was introduced in pp. Motivated by some problems of quark 
dynamics, Nambu [2] introduced an n-ary generalization of Hamiltonian dynamics by means 
of the n-ary Poisson bracket 

(1.1) [/ 1 ,--.,/ n ]=det(|| 

It was noted by some physicists that the n-bracket (1.1) satisfies equation (2.2). Following 
this line, Takhtajan developed systematically the foundation of the theory of n-Poisson or 
Nambu-Poisson manifolds [3]. 

n-Lie algebras are a kind of multiple algebraic systems appearing in many fields in math- 
ematics and mathematical physics. Specifically, the structure of 3-Lie algebras is applied to 
the study of the supersymmetry and gauge symmetry transformations of the world-volume 
theory of multiple coincident M2-branes; the Bagger-Lambert theory has a novel local gauge 
symmetry which is based on a metric 3-Lie algebra; the equation (2.2) for a 3-Lie algebra 
is essential to define the action with N = 8 supersymmetry. The n-Jacobi identity can be 
regarded as a generalized Plucker relation in the physics literature [U El El El [8] . 

Note that there are many essential connections between Lie algebras and 3-Lie algebras. 
For example, let L be a 3-Lie algebra with the multiplication [, , ] and let w £ L. Then 
we can define a Lie algebra (Lq, [,]q) on the vector space Lq = L with the multiplication 
[x, y]o = [x,y,w] for x, y € L . This Lie algebra is referred to as the Lie algebra associated to 
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L under the product [s,y]o = [x,y,w]. It is natural to consider to what extent the structure 
of L is determined by that of Lq. 

The maximal dimension of abelian subalgebras and the maximal dimension of abelian ideals 
of a Lie algebra are important invariants for many subjects in Lie theory. For example, they are 
very useful in the study of contractions and degenerations of Lie algebras, and there is a close 
connection between these invariants and discrete series representations of the corresponding 
Lie groups [HI [TUl EL] HI Q3] . There is evidence of applications in dealing with powers of the 
Euler product [13] . 

In this paper, we study the maximal dimension a(L) of abelian subalgebras and the maximal 
dimension /3(L) of abelian ideals for 3-Lie algebras L. In addition, we describe the structure 
of 3-Lie algebras L by means of the Lie algebra associated with L. More specifically, after 
introducing some necessary notions and basic notation in section 2, we provide the description 
of 3-Lie algebras with fi(L) = dimL — 2 in section 3. The last section (Section 4) is devoted to 
the classification of 3-Lie algebras with a(L) = dim L — 1 and of those with a(L) = dimL — 2. 

Throughout this paper, all algebras are finite dimensional and over an algebraically closed 
field F of characteristic zero. Any bracket that is not listed in the multiplication table of a 
3-Lie algebra or a Lie algebra is assumed to be zero. 

2. Fundamental notions 

An n-Lie algebra is a vector space L over a field F on which an ?i-ary multilinear operation 
[, • • • , ] is defined satisfying the following identities 

(2.1) [xi,--- ,Xn] = (-1) t(<j) [x ct(1 ),--- ,x CT(n) ], x\,- •• ,x n e L, 

n 

(2.2) [[xx,--- ,x n ],y 2 ,--- ,y n ] = ^2i x ir-- , [xi,y2,--- ,y n ],--- > x n], 

i=l 

where a runs over the symmetric group S n and the number r(a) is equal to or 1 depending on 
the parity of the permutation a. A subspace A of L is called a subalgebra if [A, ■ ■ ■ ,A] C A. If 
[A, ■ ■ ■ ,A] =0, than A is called an abelian subalgebra. In particular, the subalgebra generated 
by the vectors [x\, ■ ■ ■ , x n ] for any xx, ■ ■ ■ , x n G L is called the derived algebra of L, which is 
denoted by L . If L 1 = 0, L is called an abelian algebra. 

An ideal of an n-Lie algebra L is a subspace / such that [I,L, - • • ,L] C /. If [I, I,L, - ■ ■ ,L] = 
0, then / is called an abelian ideal. An n-Lie algebra L is said to be simple if L 1 ^ and it 
has no ideals distinct from and L. 
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If an ideal 7 is an abelian subalgebra of L but is not an abelian ideal, that is, [7, • • • , 7] = 0, 
but [7, I,L, - ■ ■ , L] 7^ 0, then 7 is called a hypo- abelian ideal [15]. 

An ideal 7 of an n-Lie algebra L is called s-solvable |16] . 2 < s < n, if j( fc,s ) = for some 
k > 0, where j(°' s ) = 7 and is defined as 

/(*+!,«) = [ ; j(M , L, • • • , L]. 

A 2-solvable ideal is simply called a solvable ideal. It is clear that if 7 is s-solvable then 
7 is /-solvable for I > s. If j( 2,s ) = 0, then 7 is called 2-step s-solvable ideal. The sum 
of two s-solvable ideals of L is s-solvable. The maximal s-solvable ideal is called s-radical 
of L. If the maximal s-radical is zero, then L is called a s-semisimple n-Lie algebra. In 
particular, 2-semisimple and n-semisimple n-Lie algebras are simply called semisimple and 
strong semisimple n-Lie algebras, respectively. 

An ideal 7 of an n-Lie algebra L is called nilpotent, if I s = for some s > 0, where 1° = I 
and I s is defined as 

I s = [J 3 " 1 , - ,£], for s > 1. 

The subset 

Z(L) = {iEi | [x,yi,--- ,y n -i) = 0, Vyi,-- - ,y„_i G L} 
is called the center of L. Obviously, Z(L) is an abelian ideal of L. 

The following lemmas stating some existing results in the literature are useful in the rest 
of the paper. 

Lemma 2.1. |18| Let L be an (n + 1) -dimensional n-Lie algebra over F and e±, e2, ••• , 

e n+ i be a basis of L (n > 3). Then L is isomorphic to one and only one of the following 
possibilities: 

(a) 7/dimL 1 = 0, then L is an abelian n-Lie algebra. 

(6) 7/dimL 1 = 1, (bi) [e 2 , • • • , e n+ i] = e\\ (b 2 ) [e x , ■ ■ ■ , e n ] = e\. 

(c) 7/dimL 1 = 2, ( Cl )| ,en + i] = ei , | [e 2 , • • • , e n+1 ] = ae x + e 2 , 

t [ei,e 3 , • • • ,e n+ ij = e 2 ; [ [ei, e 3 , • • • , e n+ ij = e 2 ; 

(c 3 ){ } ei ' e3 '"' ' e "+J = ei ' w/jere a e F and a ^ 0. 
{ [e 2 ,--- ,e n+ i] = e 2 , ^ 

(<i) 7/ dimL 1 = r, 3<r<n + l, (d r ) [ei, • • • , e>j, • • • , e n+ i] = e^, 1 < i < r, where symbol ii 
means that e; is omitted. 



Lemma 2.2. |19j For every n > 3, aZZ finite dimensional simple n-Lie algebras over an 
algebraically closed field of characteristic are isomorphic to the (n + 1)- dimensional simple 
n-Lie algebra A n , where the multiplication of A n in a basis e±, ■ ■ ■ , e n+ \ is 
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[e\, ■ ■ • , e,, • • • , e n+ i] = e i: 1 < i < n + 1. 

Lemma 2.3. [IT] Lei L be an n-Lie algebra. Then L is strong semisimple if and only if L is 
the direct sum of simple ideals. 

3. The structure of 3-Lie algebras L with j3(L) = dimL - 2 

Let L be a non-abelian 3-Lie algebra, denote by ct(L) the maximal dimension of the abelian 
subalgebras of L and /3(L) the maximal dimension of the abelian ideals of L. It is simple to 
see that /3(L) < a(L). For w £ L with w ^ 0, define the product on the vector space Lq = L 
by [x,y]o = [x,y,w] for x,y € Lq. Then (Lo, [, ]o) is a Lie algebra, called the Lie algebra 
associated to L under the product [x,y]o = [x,y,w]. 

Example 3.1. According to Lemma 2.2, there is only one, up to isomorphisms, simple 3-Lie 
algebra L of dimension 4 over an algebraically closed field of characteristic 0. Then L 1 = L and 
(3(L) = 0. We show that a(L) = 2. Suppose that there exist independent vectors x±, X2, x$ € L 
such that [xi, £2,2:3] = 0. We extend them into a basis xi, X2, X3, X4 of L. Note that L 1 is 
spanned by vectors [xi, X2, X4], [xi, X3, X4], and [x2, X3, X4]. It follows that dimL 1 < 3, which 
contradicts L = L . Thus, ct(L) < 2. On the other hand, for every independent vectors x±, X2, 
we have that [x±, X2, X2] = [xi,X2,x\] = 0, and hence A = Fx\ + Fx2 is a 2-dimensional 
abelian subalgebra. Therefore, a(L) = 2. □ 

Example 3.2. Let L be a 4-dimensional 3-Lie algebra with a basis x\,X2,X3,X4 and the 
multiplication below 

[xi,x 3 ,x 4 ]i = x 2 , [x 2 ,x 3 ,x 4 ]i = Xl, [xi,x 2 ,x 4 ]i = x 3 . 

Then A = FX1+FX2+FX3 is a hypo-abelian ideal of L and a(L) = dimL— 1 = 3 and (3(L) = 0. 
The Lie algebra (Lo, [, ]o) associated with L, under the multiplication [x,y]o = [x,y,X4] for 
x,y € Lq = L is isomorphic to the reductive Lie algebra sl(2) + Z(Lq). 

Note that if L has the multiplication [xi,X3,X4]2 = x\ and [x2,X3,X4]2 = X2, then / = 
Fx\ + Fx2 is an abelian ideal and A = Fx\ + Fx2 + Fx 3 is an abelian subalgebra. So, 
a(L) = 3 and f3(L) = 2. □ 

Theorem 3.1. Let L be a non-abelian 3-Lie algebra. Then f3{L) < dimL — 2. 

Proof. It suffices to prove that if L has an abelian ideal of codimension 1, then L is an 
abelian 3-Lie algebra. Let / be an abelian ideal of L with codimension 1. Then L = L + Fx, 
where x is not contained in / and [J, /, L] = 0. We obtain that L 1 = 0, since 

L 1 = [L,L,L] = [I + Fx,L + Fx,I + Fx] = [I,I,x]. 

This is a contradiction, which completes the proof. □ 
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Lemma 3.2. Let L be a 3-Lie algebra and /3(L) = dim J — 2. // / is an abelian ideal of 
codimension 2, then L 1 C /. 

Proof. Prom the condition given in the Lemma, we have L = I + Fx\ + Fx2, where x\, X2 
are linearly independent and are not contained in /. Then 

L 1 = [L,L,L] = [I + Fx 1 +Fx2,I + Fx 1 + Fx 2 ,I + Fx 1 +Fx 2 } = [I,x 1 ,x 2 ] C J. □ 

Theorem 3.3. Let L be an m- dimensional 3-Lie algebra with /3(L) = m — 2. Then L is a 2- 
step solvable 3-Lie algebra, and the Lie algebra Lq associated to L under the product [x,y]o = 
[x,y,x m ] for some non-zero vector x m €" Jo, satisfies Lq = Jo + Fx rn , where Fx m C Z(Lq) 
and Jq is a 2-step solvable Lie algebra with (3(Jq) = dim Jo — 1. 

Furthermore, the category of m- dimensional 3-Lie algebras L with (3(L) = dimL — 2 is 
completely determined by the category of [m — 1)- dimensional 2-step solvable Lie algebras Jq 
with /3(Jo) = dim Jo — 1. 

Proof. Let I be an (m — 2)-dimensional abelian ideal of L and x±, ■ ■ ■ , x m -2,x m -i,x m be a 
basis of L and Xi & I for 1 < i < m — 2. Then L = L + Fx m -i +Fx m and [L,L,L] = 0. By 
Lemma 3.2, L 1 C I and L (2) = [L 1 , L 1 , L] C [I,L,L] = 0, that is, L is a 2-step solvable 3-Lie 
algebra. 

Define the Lie product on Lq = L (as vector spaces) by [x, y]o = [x, y, x m ] for x, y G 
Lq. Then [x m ,Lo]o = [ x m, L,x m ] = 0, and Fx m C Z(Lq). Thanks to Lemma 3.2, Jo = 
Lq + Fx m -i is an ideal of Lo with the maximal abelian ideal Lq = L (as vector spaces) and 
[Jq, Jq] Q [L 1 , J 1 ,^] = 0. Therefore, 

P(Jq) = dim(7 ) = dim / = p(L) = dim J - 1. 

Conversely, let (Jo, [, ]o) be any (m— l)-dimensional 2-step solvable Lie algebra with /3(Jo) = 
dim Jo — 1 = m — 2. Denote by Lq a maximal abelian ideal of Jo with codimension 1 and let 
be a basis of Jq with x\, ■ ■ ■ , x m _ 2 G Lq. Then [J , /o]o = 0, [Lq, J ]o C 7 
and [Jq, Jq]o = 0. Let w be not contained in Jo and L = Jq + Fw (as a direct sum of vector 
spaces). Define the multiplication on L by 

[x,y,z]=0, [x,y,w] = [x,y] , for every x,y,z£j . 

Then L is an ?n-dimensional 3-Lie algebra [1] and 

[J , L, L) = [Lq, X m -i,w] = [L , X m _i] C Lq, [Lq,Lq, L) = [Lq, Lq, w] = [Lq,Lq]q = 0. 

So [L 1 , L 1 , L] C [Lq,L ,w] = and Lq = Fx\ + • • • + Fx 

m—2 is an (m — 2)-dimensional abelian 
ideal of L. Therefore, (3{L) = m — 2 and L is an m-dimensional 2-step solvable 3-Lie algebra. □ 
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Remark 3.1. Burde and Ceballos proved in [20] that if a Lie algebra L is solvable, then 
a(L) = f3{L). But the result is not true for 3-Lie algebras, even if L is nilpotent. See the 
following example. 

Example 3.3. Let L be a 3-Lie algebra with a basis xi,X2,x^,x^ and the multiplication 

[xi,x 2 ,x 3 ] = x 4 , [xi,x 2 ,x 4 ] = 0, [xi,x 3 ,Xi] = 0, and [x 2 ,x 3 ,x 4 ] = 0. 

Then L is a nilpotent 3-Lie algebra; A = Fx\ + Fx 2 + -Fx 4 is a 3-dimensional hypo-abelian 
ideal of L and / = Fx\ + Fx± is a maximal abelian ideal with the maximal dimension. Note 
that a(L) = dimL - 1 = 3 > /3(L) = dimL -2 = 2. □ 

Theorem 3.4. Let L be an m- dimensional 3-Lie algebra with a basis x±, ■ ■■ ,x m and /3(L) = 
m — 2 and dimL 1 = 1. Then dimZ(L) = m — 3 and L is isomorphic to one and only one of 
the following possibilities: 

/1\ J \X2i X m — I, Xjji] — X\ 

\ [xi,x m -i,x m ] = 0, others; 



(a 2 ) 



[xi,x m _i,x m ] — X\ 
[xi,x m -i,x m ] = 0, others. 



Proof. Thanks to Lemma 3.2, L 1 is contained in the abelian ideals with codimension 2. 
Then we can suppose / = Fx\ + -Fx2 + • • • + Fx m -2 is an (m — 2)-dimensional abelian ideal 
of L and L 1 = Fxi. Then [I, I, L] = and [L,L,L] = [I, x m _i,x m ] = Fx\. 

If L 1 C Z(L), without loss of generality, we suppose that [x2,x m —i,x m ] = x\. Then 
[x±, x m _i, x m ] = and [xj, x m _i, x m ] = AjXi, for some Aj G F and 3 < i < m — 2. Taking the 
linear transformation on the basis x\, ■ ■ ■ , x m by replacing Xj with Xj — AjX 2 for 3 < i < m — 2, 
we get case (a 1 ). 

If L 1 (/- Z(L), we suppose that [xi, x m ,_i, x m ] = x\. Then [xj, x m _i, x m ] = AjXi, for some 
Xi G F and 2 < i < m — 2. Applying a linear transformation to the basis xi, • • • ,x m by 
replacing Xj with Xj — AjXi for 2 < i < m — 2, we get case (a 2 ). 

It is clear that case (a 1 ) is not isomorphic to (a 2 ). It follows that dim Z(L) = m — 3. □ 

Theorem 3.5. Let L be an m- dimensional 3-Lie algebra with a basis x±, ■ ■ ■ , x m , f3(L) = m—2 
and dimL 1 = 2. Then dimZ(L) = m — 4 and L is isomorphic to one and only one of the 
following possibilities: 

[x3,X m _i,X m ] — X 2 , 
[x4,X m _i,X m ] — Xl, 

[x^ , x m _i , x m ] — 0, others, 

[x2 ; X m _l,X m ] — X2, 
[X3 , X m —i , X m ] — X\ , 

\x% , ^m-i ? ^m] — 0, others, 



(b 1 ) 

(b 2 ) 
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1 


[X2 , X m - 


-1, 


1 

•*"m\ 


= XX, 


(b 3 ) < 




-1) 


X 1 


— T*o 


1 




1 • 


T™ 1 


— othpv^' 




\x\ , X m . 


-1 




= xi, 


(^ 4 ) < 




-1 


T 


— T*o 






-1) 


T™ 1 


— nthpr^ 




/ r 

\_X\ , Xffi- 


-1 


1 

j X m \ 


= x 2 


(6 5 ) < 


1 [^2 j ^m- 


-1 


1 %m\ 


= X!, 




^ [Xj , X m _ 


-1) 


Xm] 


= 0, others 


(6 6 ) < 


f [»2, x m - 


-1 




= axi + x 2; 




-1 




= x 2 , 




^ \Xi 1 %m- 


-1; 




= 0, others 



aeF, a / 0. 



Proof. Let I = Fxi -j- Fx 2 + • • • + Fx m - 2 be an (m — 2)-dimensional abelian ideal of L and 
L 1 = Fx\ + Fx2. Then [J, I, L] = and L 1 = [I, x m _i, x m ]. 

First, if L 1 C Z(L), then [xj,L,L] = for i = 1,2. Without loss of generality, we assume 
that 

[x 3 , X m -i,X m ] = A3X1 + fi 3 X 2 , [x 4 , x m -i, x m ] = A4X1 + /i 4 X 2 , 
[xj,x m _i,x m ] = AjXi + /^x 2 , 5 < i < m - 2, 

where Aj, /ij 6 F, 3 < i < m — 2, and ctei ( ^ 3 ^ 3 ) 7^ 0. 



A4 ^4 

If A4 7^ 0, taking a linear transformation on the b by replacing x\ with 

A4X1 +^4X2, replacing X2 with (/U3 — t^/m)^; replacing X3 with X3 — 1^X4, and then replacing 
xi with X{ — A-X3 — /i-X4 for suitable A;,/i- 6 F, j < 5 < m-2, we get case Similarly, if 
fj.4 7^ 0, the multiplication of L is case 

Second, if L 1 £ Z(L) and L 1 n Z(L) / 0, suppose L 1 n Z(L) = F Xl . Then [xi,L,L] = 0. 
Without loss of generality, we assume that 

[X 2 , X m _i, X m ] = A 2 Xi + /J, 2 X 2 , [x3,X m -i,X m ] = A3X1 + ^3X2, 

[xi,x m -i,x m ] = AjXi + mx 2 , 4 < i < m - 2, 
where A^eF, 2 < i < m - 2, and d = det ( ^ 2 ^ 2 ) / 0. 



A 3 ^3 

If /^2 = 0, then A2 7^ and {13 7^ 0. Taking a linear transformation on the b 
by replacing x\ with jJL?,\ 2 xi, replacing X2 with A3X1 + /X3X2, and then replacing Xj with 
Xi — X'iX 2 — \JiX3 for suitable A^, ^ G F, i = 4, ■ ■ ■ , m — 2, we get case (6 3 ). 

If /i2 7^ 0, taking a linear transformation on the basis x±, ■ ■ ■ , x m by replacing x\ with -=^x\, 
replacing X2 with j^x\ + x 2 , replacing X3 with ^(^3X2 — ^2^3)) replacing x m _i with ^-x m _i, 
and replacing Xj with Xj — A^X2 — ^1^x3 for suitable A^, ^ G F, i = 4, ■ ■ ■ , m — 2, we get case 
(6 2 ). The case (6 2 ) is not isomorphic to case (6 3 ) since the latter is nilpotent. 
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Lastly, if L 1 n Z(L) = 0, let A = Fxi + Fx 2 + Fi m _i + Fx m . Then A is a non-abelian ideal 
of L and dim A 1 > 1, where A 1 = [A, A, A]. 

We claim that dim A 1 = 2. If dim A 1 = 1, we may assume that [xi,x m -i,x m ] = x\ and 
[x2,x m -i,x m ] = x\, since L 1 n Z(L) = 0. Then 2:2 — x\ € L 1 n Z(L). This is a contradiction. 
Therefore, A is a 4-dimensional 3-Lie algebra with dimA 1 = 2. By Lemma 2.1, A is one and 
only one of the following possibilities 



It follows from [xj, x m _i, x m ] = A^xi + //jX2 f° r 3 < i < ?ra — 2 that we get the non- 
isomorphic cases (6 4 ), (b 5 ) and (6 6 ), by replacing x\ with Xj — A^xi — ^X2 for some A^, /i£ € L, 
i = 3, • • ■ , m — 2. The above discussion also shows that dimZ(L) = m — 4 and that (b l ) is 



4. The structure of 3-Lie algebras L with q(L) = dimL — 1 
Let A be a maximal abelian subalgebra of a non-abelian 3-Lie algebra L. Then Z(L) C A. 

Theorem 4.1. Let L 6e an m- dimensional 3-Lie algebra with a(L) = dimL — 1. 

(1) If L has an abelian subalgebra with codimension 1 that is not an ideal, then dimL 1 = 1. 

(2) If L has a hypo-abelian ideal with codimension 1, then the Lie algebra Lq associated 
with L under the product [x,y]o = [x,y,x m ] for some non-zero vector x m £ A, satisfies 
Lq = A + Fx m with Fx m C Z(Lq) and [A,Lq]o C A. 

(3) The category of m- dimensional 3-Lie algebras with an hypo-abelian ideal of codimension 
1 is completely determined by the category of (m — 1)- dimensional Lie algebras . 

Proof. We first prove (1). Let basis of L and A an (m— l)-dimensional abelian 

subalgebra with codimension 1. If A is not an ideal, we may suppose A = Fx\ + ■ ■ ■ + Lx m _i 
and L = A + Fx m . Since A is an abelian subalgebra but not a hypo-abelian ideal of L, we 
have 





not isomorphic to (b 3 ) for 1 < % ^ j < 6. 



□ 



[A, A, A] = 0, L 1 = [L,L,L] = [A, A, x m ] £ A. 
Without loss of generality, we can assume that [xi,X2,x m ] = x m and that 



m— 1 m—1 



[xi,x^,x m ] = aijx t) [x 2 ,x^,x m ] = a^Xt, a\u a \i e 3 < / < m - 1. 



t=i t=i 
Using the Jacobi identities 



= [xi,x 2 , [x 2 ,xi,x m ]] = [x 2 ,Xi, [xi,x 2 ,x m ]] = [x 2 ,X;,X m ] 
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= [x l ,X 2 , [xi,Xi,X m ]] = [xi,Xi, [xi,X2,X m ]] = [xi,xi,x m ], 
we obtain that [x2, xi, x m ] = and [xi,xi,x m ] = 0. 

m 

Let [xk,xi,x m ] = a \i x t-> for 3 < k < I < m — 1. It follows from 
t=i 

[Xki Xl, X m \ = [Xk, X[, [x\, X2, X m \] = [X\, X 2 , [xfc, Xl, X m ]] = a^Im, 

that [xk,xi,x m ] = a^Xm for 3 < k < I < m — 1. Therefore, L 1 = Fx m . The result (1) follows. 

We now prove (2). If L has a hypo-abelian ideal A with codimension 1, we may assume that 
A = Fxi + • • • + Fx m _i. Then L 1 = [A,A,x m ] C A and [t4,t4,t4] = 0. The multiplication 
of L is as follows 

m— 1 

[xi,Xj,x k ] =0, [xi,Xj,x m ] = ^2 a % x t-, a\j eF > 1 <i,j,k <m-l. 

t=i 

Define the binary Lie product [, ]o on the vector space Lq = L as 

[x, y]o = [x, y, x m ] for x, y G L . 

Then (Lq, [, ]o) is a Lie algebra, Fx m is contained in the center of Lq and the subspace A is a 
non-abelian ideal of Lie algebra (Lq, [,]q) since [A, x m ]o = [A,x m ,x m ] = and 

[A, Lq] = [A,A + Fx m ] = [A,A + Fx m , x m ] = [A, A, x m ] C A. 

We next prove (3). Let (A, [,]q) be any (m — l)-dimensional non-abelian Lie algebra and 
^ be a non-zero vector which is not contained in A. Define the 3-ary Lie product [, , ] on the 
m-dimensional vector space L = A + F£ by 

[x,y,z}=0, [x,y,£] = [x,y] , x,y,zeA. 

Then (L, [, , ]) is an m-dimensional 3-Lie algebra and the subspace A is an (m — l)-dimension 
hypo-abelian ideal of the 3-Lie algebra L. It follows that a(L) = m — 1. □ 

In Example 3.2, the 4-dimensional 3-Lie algebra L = Fx\ + Fx 2 + Fx^ + with o;(L) = 3 
and /3(L) = 0, has a 3-dimensional hypo-abelian ideal of 3-Lie algebra A = Fx\ + Fx2 + Fx%. 
The Lie algebra (Lq, [, ]o) associated with L under the product [x, y]o = [x, y, x&] for x, y € Lq, 
satisfies Z(Lq) = Fx^ and the subspace A is a simple Lie algebra in the multiplication [, ]o, 
which is isomorphic to sl(2,F). 

Example 4.1. Let L be a 5-dimensional 3-Lie algebra with a basis x\,--- ,x§ and the 
multiplication [xi,X2,X5] = x§ and [x3,X4,xs] = X5. Then A = Fx\ + FX2 + Fx^ + Fx^ is a 
4-dimensional abelian subalgebra of L and there are no 4-dimensional hypo-abelian ideals in L. 
It is easy to see that J = Fx§ is the unique maximal abelian ideal. Thus, a(L) = 4, /3(L) = 1 
and dimL 1 = 1. □ 
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Theorem 4.2. Let L be a nilpotent m- dimensional 3-Lie algebra with a(L) = dimL — 1. 
Then L has a hypo-abelian ideal of codimension 1. 



Proof. Let A be an {m — l)-dimensional abelian subalgebra of L. Then [A, A, A] = and 
L = A + Fw, w € L and L 1 = [L,L,L] = [A,A,w] ^ 0. Since L is nilpotent, for every 
x,y € A, the mapping ad(x,y) : L — >• L, &d(x,y)(z) = [x,y,z], is nilpotent [16J. Therefore, 
[A, A, to] C A and A is a hypo-abelian ideal with codimension 1. □ 

Example 4.2. Let L be an ?n-diniensional 3-Lie algebra with a basis x\, ■ ■ ■ x m and the 
multiplication [xi,X2,Xj] = for 4 < i < m. Then L is a nilpotent 3-Lie algebra. A = 
Fx 2 + ■ ■ ■ + Fx m is an {rn — l)-dimensional hypo-abelian ideal and / — Fx$ -}- • • • -j- Fx m is 
an (m — 2)-dimensional abelian ideal. Thus, a(L) = m — 1 and /3(L) = m — 2. The nilpotent 
Lie algebra (Lq, [, ]q) associated with L has the multiplication 

[xi,Xj} = [xi,Xj,xx], 1 < i,j < m. 

Then Lq = A + Fx\ with Fx\ C Z{Lq). The subspace A is an (m — l)-dimensional nilpotent 
ideal of Lq with the multiplication [x2,Xj]o = Xj-\ for 4 < j < m. Therefore, oi{Lq) = 
(3(L ) = m-l. □ 

Remark 4.1. Burde and Ceballos [2D] proved that if L is a Lie algebra with a{L) = dimL — 1 
or L is a nilpotent Lie algebra with a{L) = dimL — 2, then /3(L) = a(L). Examples 3.2, 4.1 
and 4.2 show that this is not the case for 3-Lie algebras. 

In the following theorem we classify 3-Lie algebras L with a(L) = dimL — 1 and dimL 1 = 1. 

Theorem 4.3. Let L be an m- dimensional 3-Lie algebra with a(L) = m — 1 and dimL 1 = 1. 

Then L is isomorphic to one and only one of the following possibilities 

(1) If L does not contain any hypo-abelian ideal with codimension 1, then dimL > 5 and 
the multiplication of L in a basis x\ , • • • , x m is 



(c 1 ) 



\x\ , X2 , X m ] — X m , 
[X3, X4, X m ~\ — X m: 



[x 2 t-i,x 2t ,x m ] = x m , 4 < 2i <m-l, 
m] — 0, others. 



(2) If L contains a hypo-abelian ideal with codimension 1 and L 1 = Fx\, then 

(c 2 ) 



[x 1 ,x 2 ,x m ] = Xx, 
[xi, Xj, x m ] = 0, others; 
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(c 3 ) 



[x 2 ,x 3 ,x m ] = Xi 

? 

[x 2 t,x 2 i+i,x m ] = xi, 3<2i + l<m-l, 
[xi,Xj,x m ] = 0, others. 



Proof. We first study case (1). Suppose that A = Fx± + • • • + Fx m -\ is an (m — 1)- 
dimensional abelian subalgebra. Since A is not an ideal, L 1 ^ ^4 and L 1 ^ Z(A). Without loss 
of generality, we suppose that [x\, x<2, x m ] = x m and that [xi,Xj,x m ] = and [x2,Xi,x m ] = 
for 3 < i < m — 1. We claim that there exist i,j > 3 such that [xi,Xj,x m ] ^ 0. In fact, 
if [xi,Xj,x m ] = for 3 < i,j < rn — 1, then / = Fx2 + -FX3 + • • • + -Fx m is an (m — 1)- 
dimensional hypo-abelian ideal since [1, 1,1} =0 and [I, L, L] = Fx m C /, leading to a 
contradiction. It follows that dimL > 5. Therefore, we may assume that [z3,X4,x m ] — 
A similar discussion yields that [x^, Xi, x m ] = and [x4,Xi,x m ] = 0, for 5 < i < m — 1, and 
so case (c 1 ). 

Now we study case (2). Let A be an (m — l)-dimensional hypo-abelian ideal of L and 
basis of L and L 1 = Fxi. Then L 1 C yl. If L 1 is not contained in the center 
Z(L), then [xi, L, L] ^ 0. We may suppose that A = Fx\ + ■ ■ ■ + Fx m -\ and [xi, X2, z m ] = 
xi. Applying a linear transformation to the basis x±,--- ,x m , we have [xi,Xj,x m ] = and 
[x2,Xj,x m ] = 0, for 3 < i < m — 1. Since L 1 = Fxi, we may suppose [xi,Xj,x m ] = XijX%, 

3 < i,j < m — 1. By the Jacobi identities for 3 < i, j < m — 1, 

•^ij'Zl — [AjjXi , X2 , X m ] — [[xj , Xj , X m ] , X2 , x m ] — 0. 

We obtain that Ay = and [xj,Xj,x m ] = 0, for 3 < i, j < m — 1, case (c 2 ). 

If L 1 = Fxi C Z(L), then [ xi,Xj,x m ] — 0, for 2 < i < m — 1. Then is contained in 
any hypo-abelian ideal of L. So we can assume that A = Fx\ + • • • + Fx m -\ is an (m — 1)- 
dimensional hypo-abelian ideal of L and that [x2,X3,x m ] = x\. Through a simple linear 
transformation on the basis xi,-- - ,x m , we have [x2,Xj,x m ] = and [x3,Xj,x m 1 = for 

4 < i < m — 1. If there are i,j > 4 such that [xi,Xj,x m ] 7^ 0, we may assume that 
[x4,X5,x m ] = xi and [x4,Xj,x m ] = and [xs,Xi,x m ] = for 6 < i < m — 1. By a completely 
similar discussion to that of case (1), we obtain case (c 3 ), and case (c 1 ) is not isomorphic to 
case (c 7 ) if i 3^ j. □ 

We next give the description of 3-Lie algebras L with a(L) = dimL — 2. 

Theorem 4.4. If an m- dimensional 3-Lie algebra L satisfies a(L) = m — 2, then L is iso- 
morphic to one and only one of the following possibilities 

(1) L is a 3-solvable Lie algebra; 

(2) L is the simple 3-Lie algebra A±; 
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(3) L = A4 + F rn ~ i ! a semidirect product of the simple 3-Lie algebra A4 and a hypo-abelian 
ideal F m ~ A . 

Proof. By [19j , L has the decomposition L = S + t, where r is the 3-radical of L and S is 
a strong semisimple subalgebra of L. From Lemma 2.3 and Example 3.1, S = A4 + • • • + A4 

V v ' 

k 

and a(S) =4k- 2k. Also a(L) = dim L - 2 < a(S) + a(r) < 4k - 2k + a(r) = dim L - 2k. We 
obtain k = or k = 1. If k = 0, then S = and L = r is 3-solvable. If Ar = 1, then by Lemma 
2.2 we see that S = A± and ct(r) = dimr, showing that r = F m ~ A is an abelian ideal of L. If 
r = 0, then L is the simple 3-Lie algebra A4. If r 7^ 0, then r = -F 4 is an (m — 4)-dimensional 
hypo-abelian ideal of L. Therefore, L = A<± + F m ~ A is a semidirect product of the simple 
3-Lie algebra ^4 and a hypo-abelian ideal F m ~ 4 . □ 
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